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In this work, we study the error in the approximation of the solution of elliptic partial
differential equations obtainedwith the nonconforming finite elements method; we adopt
the error in a constitutive law approach.
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1. Introduction
The nonconforming finite elements method [1] plays an important practical role for the partial differential equations,
when the conforming approximations are not appropriate. The literature on the a posteriori error analysis for nonconforming
methods is not as abundant as that related to the conforming case. One of the firstworks is that due toAgouzal [2], concerning
the a posteriori analysis for a nonconforming approximation by finite elements of the Poisson problem type. Dari et al. [3]
suggest an explicit estimation of the error of local residual type. The use of the indicator of hierarchical type errors for
the nonconforming approximation is considered by Hoppe and Wohlmuth [4] and by Achchab and Agouzal [5]. Carstensen
et al. [6] propose an a posteriori estimation based on the techniques of averaging the gradient. A treatment of the methods
of stabilization by subgrid viscosity of nonconforming kind is given by Ern and El Alaoui [7]. The equilibrated residual
method has been analyzed by Ainsworth and Babuska for the conforming approximation of the singular perturbation
problem [8], and the suggested estimator is robust relative to the diffusion coefficient; this technique was extended later to
the nonconforming case by Ainsworth [9]. The approach via constitutive law [10] in the nonconforming case is adapted by
Achchab et al [11] and Destuynder and Métivet [12] in the elliptic case.
LetΩ be a bounded open of R2 with polygonal boundary 0. Consider the following problem:
(P)
{−div(A.∇u)+ σu = f inΩ,
u = 0 over Γ
where A =
(
a1 0
0 a2
)
, with a1, a2 and σ positive constants, f ∈ L2(Ω).
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In this work, we present an a posteriori error estimator for the diffusion problem, that evaluates the error in constitutive
law given by ‖∇u˜h − ph‖A, where u˜h is a conforming approximation of the primal variable and ph is a conforming
approximation of ∇u obtained by a post-processing of the nonconforming P1-approximation of u.
2. Auxiliary results
Consider the scalar product defined by
〈x, y〉A =
∫
Ω
A.xyds,
where x, y ∈ (L2(Ω))2, and the associated norm is defined by
‖x‖A =
√〈x, x〉A.
We have the following lemma:
Lemma 2.1. Let u ∈ H1(Ω), p ∈ H(div,Ω); if we assume that 0 = ∪ni=1 0i, with meas(0i) 6= 0 and u|0i = 0 or
p.n|0i = 0, ∀i = 1, 2, . . . ,N, where n is the external normal, then
‖∇u‖2A + ‖p‖2A = −2
∫
Ω
u div(A.p)dx+ ‖∇u− p‖2A. (1)
Proof. It suffices to write
‖∇u− p‖2A = ‖u‖2A + ‖p‖2A − 2
∫
Ω
A.∇up dx
= ‖u‖2A + ‖p‖2A + 2
∫
Ω
u div(A.p) dx. 
Let (Th)h be a regular family of triangulations of Ω in the Ciarlet sense [13]. We introduce the discrete nonconforming
space of Crouzeix and Raviart [1]:
Vh =
{
v ∈ L2(Ω)/∀K ∈ Th, v|K ∈ P1(K),∀e ∈ E Ih,
∫
e
[v] ds = 0; ∀e ∈ EFh ,
∫
e
v ds = 0
}
,
where E Ih (resp. E
F
h ) denotes the set of internal edges (resp. boundaries) of Th and [.]e denotes the jump across e.
We consider the following nonconforming problem:
uh ∈ Vh such that:
∀vh ∈ Vh,
∑
K∈Th
∫
K
[A∇uh.∇vh + σuh.vh] dx =
∑
K∈Th
∫
K
f hvh dx, (2)
where f h|K = 1|K |
∫
K f dx, ∀K ∈ Th.
From the nonconforming approximation uh, we construct the field ph, defined locally on each element K ∈ Th as follows:
ph = ∇uh + σA−1wh − f h2 A
−1(x− xG), (3)
where xG is the vector whose components are the coordinates of the center of gravity of K , and wh ∈ H(div,Ω) is defined
bywh(x1, x2) =
(
w1h(x1, x2), w
2
h(x1, x2)
)
, with
w1h(x1, x2) =
1
2
∫ x1
a
uh(x, x2) dx, such that the segment (a, x2) ∈ Ω,
w2h(x1, x2) =
1
2
∫ x2
b
uh(x1, x) dx, such that the segment (x1, b) ∈ Ω
and ∫
K
wh dx = 0 for every K ∈ Th.
We have the following result on regularity of the field ph:
Lemma 2.2. For ph defined in (3), we have
Aph is an element of H(div;Ω),
and
− div Aph = f h − σuh inΩ. (4)
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Proof. First let us show that Aph ∈ H(div;Ω); for that it suffices to check that
∀e ∈ E Ih, [Aph.n]e = 0.
Consider e ∈ E Ih with e = T1 ∩ T2, where T1 and T2 are elements of the triangulation Th, and let vh ∈ Vh be associated with
the face e such that
∫
e vh ds = 1 and ∀e′ 6= e,
∫
e′ vh ds = 0. We have∫
e
[Aph.n]evh ds =
2∑
i=1
∫
Ti
[Aph.∇vh + vh divAph] dx.
On one hand, we have
2∑
i=1
∫
Ti
Aph.∇vh dx =
2∑
i=1
∫
Ti
[
A∇uh.∇vh + σwh∇vh − f h2 (x− xG)∇vh
]
dx
=
2∑
i=1
∫
Ti
A∇uh.∇vh dx,
since
∇vh /Ti ∈ P0(Ti),
∫
Ti
wh dx = 0 and
∫
Ti
(x− xG) dx = 0 for i = 1, 2.
On the other hand, we have
2∑
i=1
∫
Ti
vh div Aph dx =
2∑
i=1
∫
Ti
[
σvh div(wh)− f h2 div(x− xG)vh
]
dx
=
2∑
i=1
∫
Ti
[
σuhvh − f hvh
]
dx,
since
div(x− xG) = 2, div(wh) = uh over Ti for i = 1, 2.
Then, ∫
e
[Aph.n]evh ds =
2∑
i=1
∫
Ti
[
A∇uh.∇vh + σuhvh − f hvh
]
dx.
= 0.
Hence ph ∈ H(div;Ω).
For the second property, it suffices to write for every element K ∈ Th,
−div Aph = −div
(
A∇uh + σwh − f h2
(
x− xG
))
= −div(A∇uh)− div(σwh)+ f h2 div(x− xG)
= f h − σuh. 
Let u˜h ∈ C0 ∩ H10 (Ω) be a solution obtained from the solution uh of the nonconforming problem. The way in which u˜h is
obtained does not play a role in finding the a posteriori estimator. It is clear that a subtle choice is necessary for obtaining a
good approximation of the solution. A projection of the solution on the space of conforming finite elements is sufficient in
our case.
We can define u˜h as a solution of the following formulation:∑
K∈Th
∫
K
(˜uh − uh)vh dx = 0, ∀vh ∈ VCh ∩ H10 (Ω),
where
VCh =
{
vh ∈ C0(Ω)/vh|K ∈ P1(K),∀K ∈ Th
}
.
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We set p = ∇u, where u is the solution of problem (P). We have the following result:
Lemma 2.3. For every conforming approximation u˜h of u, we have the following equation:
‖∇u−∇u˜h‖2A + ‖p− ph‖2A = 2
∫
Ω
(u− u˜h)(f − fh) dx− 2σ
∫
Ω
(u− u˜h)2 dx
− 2σ
∫
Ω
(u− u˜h)(˜uh − uh) dx+ ‖ph −∇u˜h‖2A. (5)
Proof. We have
‖∇u−∇u˜h‖2A + ‖p− ph‖2A = −2
∫
Ω
(u− u˜h) div(A(p− ph)) dx+ ‖ph −∇u˜h‖2A.
Setting I = 2 ∫
Ω
(u− u˜h) div(A(p− ph)) dx, the first term of the right hand side of the equation can be written as
I = 2
∫
Ω
(u− u˜h) div(A∇u) dx− 2
∫
Ω
(u− u˜h) div(Aph) dx
= 2
∫
Ω
(u− u˜h)(σu− f ) dx− 2
∫
Ω
(u− u˜h)(σuh − fh) dx
= −2
∫
Ω
(u− u˜h)f dx+ 2
∫
Ω
(u− u˜h)fh dx+ 2
∫
Ω
(u− u˜h)σu dx− 2
∫
Ω
(u− u˜h)σuh dx
= −2
∫
Ω
(u− u˜h)(f − fh) dx+ 2
∫
Ω
(u− u˜h)σ (u− u˜h) dx+ 2
∫
Ω
(u− u˜h)σ (˜uh − uh) dx
= −2
∫
Ω
(u− u˜h)(f − fh) dx+ 2σ
∫
Ω
(u− u˜h)2 dx+ 2σ
∫
Ω
(u− u˜h)(˜uh − uh) dx.
This implies
‖∇u−∇u˜h‖2A + ‖p− ph‖2A = 2
∫
Ω
(u− u˜h)(f − fh) dx− 2σ
∫
Ω
(u− u˜h)2 dx
− 2σ
∫
Ω
(u− u˜h)(˜uh − uh) dx+ ‖ph −∇u˜h‖2A,
since−div Ap = f − σu and−div Aph = fh − σuh. 
3. A posteriori error estimation
In the sequel we introduce the local indicator and the global estimator defined respectively by
ηK = ‖ph −∇u˜h‖A,K ,
and
Eh =
(∑
K∈Th
η2K
) 1
2
= ‖ph −∇u˜h‖A.
We definem = min(a1, a2) andM = max(a1, a2) and we intend to prove the following equivalence between the estimator
and exact error for the conforming approximation:
Theorem 3.1. For every α ∈ R∗+, we have(
1− α
m
)
‖∇u−∇u˜h‖2A + ‖p− ph‖2A ≤ E2h + σ ‖˜uh − uh‖20,Ω +
C
α
∑
K∈Th
h2K‖f − f h‖20,K , (6)
and
ηK ≤ ‖∇u−∇u˜h‖A,K + ‖p− ph‖A,K . (7)
Proof. We have
‖∇u−∇u˜h‖2A + ‖p− ph‖2A = 2
∫
Ω
(u− u˜h)(f − fh) dx− 2σ
∫
Ω
(u− u˜h)2 dx
− 2σ
∫
Ω
(u− u˜h)(˜uh − uh) dx+ ‖ph −∇u˜h‖2A.
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We set e = u− u˜h and e = 1|Ω|
∫
Ω
e dx. We have for α > 0
2
∫
Ω
(u− u˜h)(f − f h) dx = 2
∫
Ω
(e− e)(f − f h) dx
≤ 2C
∑
K∈Th
hK |e|1,K‖f − f h‖0,K
≤ α|e|21,Ω +
C
α
∑
K∈Th
h2K‖f − f h‖20,K .
We have also
2σ
∫
Ω
(u− u˜h)(˜uh − uh) dx ≤ 2σ‖u− u˜h‖0,Ω ‖˜uh − uh‖0,Ω
≤ σ‖u− u˜h‖20,Ω + σ ‖˜uh − uh‖20,Ω ,
and hence
−2σ
∫
Ω
(u− u˜h)2 dx− 2σ
∫
Ω
(u− u˜h)(˜uh − uh) dx ≤ σ ‖˜uh − uh‖20,Ω ,
so therefore
‖∇u−∇u˜h‖2A + ‖p− ph‖2A ≤ α|e|21,Ω +
C
α
∑
K∈Th
h2K‖f − f h‖20,K + σ ‖˜uh − uh‖20,Ω + E2h .
And we have
m|u− u˜h|21,Ω ≤ ‖∇u−∇u˜h‖2A ≤ M|u− u˜h|21,Ω .
We finally get(
1− α
m
)
‖∇u−∇u˜h‖2A + ‖p− ph‖2A ≤ E2h + σ ‖˜uh − uh‖20,Ω +
C
α
∑
K∈Th
h2K‖f − f h‖20,K .
For the second inequality, it suffices to write
ηK = ‖ph −∇u˜h‖A,K ≤ ‖ph − p‖A,K + ‖p−∇u˜h‖A,K
≤ ‖∇u−∇u˜h‖A,K + ‖p− ph‖A,K . 
As regards the robustness of the estimator for the coefficients of the matrix A, we have the following result:
Corollary 3.1. There exists a diagonal matrix Am arising from A whose coefficients are constant, positive and dependent on m,
such that
‖∇u−∇u˜h‖2Am ≤ mE2h +mσ ‖˜uh − uh‖20,Ω + 2C
∑
K∈Th
h2K‖f − f h‖20,K . (8)
Proof. From the previous theorem, we have, ∀α > 0,(
1− α
m
)
‖∇u−∇u˜h‖2A + ‖p− ph‖2A ≤ E2h + σ ‖˜uh − uh‖20,Ω +
C
α
∑
K∈Th
h2K‖f − f h‖20,K .
We take α = m2 ; therefore,
m
2
‖∇u−∇u˜h‖2A +m‖p− ph‖2A ≤ mE2h +mσ ‖˜uh − uh‖20,Ω + 2C
∑
K∈Th
h2K‖f − f h‖20,K .
For Am = m2 A, we get the result. 
We obtain an estimation of the a posteriori error of the nonconforming approximation uh given by:
Corollary 3.2. For the solution uh of (2), we have∑
K∈Th
‖∇u−∇uh‖2K ,Am ≤ 2mE2h + 2mmax(M, σ )
∑
K∈Th
‖˜uh − uh‖21,K + 4C
∑
K∈Th
h2K‖f − f h‖20,K . (9)
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Proof. We have∑
K∈Th
‖∇u−∇uh‖2K ,Am ≤ 2
∑
K∈Th
‖∇u−∇u˜h‖2K ,Am + 2
∑
K∈Th
‖∇uh −∇u˜h‖2K ,Am .
By the previous corollary we get∑
K∈Th
‖∇u−∇u˜h‖2K ,Am ≤ mE2h +mσ ‖˜uh − uh‖20,Ω + 2C
∑
K∈Th
h2K‖f − f h‖20,K
and we have also:∑
K∈Th
‖∇uh −∇u˜h‖2K ,Am ≤ M
m
2
∑
K∈Th
‖∇uh −∇u˜h‖20,K .
This ends the proof of the corollary. 
Remark. The idea of measuring the quality of an approximation by finite elements via the evaluation of the error in the
constitutive law is presented in [10] for the problem of the linear elasticity. Our results improve on those obtained in [12,
14,15] since the method of constructing the post-processing u˜h does not affect the a posteriori error estimation.
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